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Counting Primes Rationally And Irrationally
N. A. Carella
Abstract : The recent technique for estimating lower bounds of the prime counting function pi(x) =
#{p ≤ x : p prime} by means of the irrationality measures µ(ζ(s)) ≥ 2 of special values of the
zeta function claims that pi(x) ≫ log log x/log log log x. This note improves the lower bound to
pi(x)≫ log x, and extends the analysis to the irrationality measures µ(ζ(s)) ≥ 1 for rational ratios
of zeta functions.
1 Introduction
Let x ≥ 1 be a large number and define the prime counting function by
pi(x) = #{p ≤ x : p is prime}. (1)
Dozens of proofs are known for estimating a lower bound of the prime counting function pi(x) =
#{p ≤ x : p is prime}, see [8, pp. 3-11], [6]. The oldest Euclidean technique has dozens of versions
and refinements, and remains a research topic today.
The recent technique introduced in [4] and [5] for estimating lower bounds of the prime counting
function pi(x) = #{p ≤ x : p prime} by means of the irrationality measures µ(ζ(s)) ≥ 2 of special
values of the zeta function claims that pi(x)≫ log log x/log log log x. This note improves the lower
bound to pi(x) ≫ log x, and extends the analysis to the irrationality measures µ(ζ(s)) ≥ 1 for
rational ratio of zeta functions. The proofs are independent of the irrationality measures µ(α) ≥ 1
of the real numbers α ∈ R.
2 For Irrational Values ζ(s)
Theorem 2.1. Let x ≥ 2 be a large number, and let pi(x) = #{p ≤ x : p is prime}. Then
pi(x) ≥ c1 log x+ c0, (2)
where c0 and c1 > 0 are constants.
Proof. Fix an even number s > 1. Let x≫ 1 be a large number, and let
1
ζ(s)
=
∏
p≥2
(
1− 1
ps
)
and
px
qx
=
∏
p≤x
(
1− 1
ps
)
, (3)
where gcd(px, qx) = 1. Then
∣∣∣∣ 1ζ(s) −
px
qx
∣∣∣∣ = 1ζ(s)

1− ∏
p>f(x)
(
1− 1
ps
)−1 , (4)
where f(x) = x. By Lemma 4.2, the difference has the upper bound
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∣∣∣∣ 1ζ(s) −
px
qx
∣∣∣∣ = 1ζ(s)

1− ∏
p>f(x)
(
1− 1
ps
)−1 (5)
≤ 1
(s− 1)ζ(s)
1
f(x)s−1
.
Let µ = µ(ζ(s)) ≥ 2 be the irrationality measure of the number ζ(s), see Definition 5.1. Then,
applying Lemma 5.1 yields
1
qµ+εx
≤ 1
2(pi(x)−s−1)(µ+ε)
≤
∣∣∣∣ 1ζ(s) −
px
qx
∣∣∣∣ , (6)
where ε > 0 is an arbitrary small constant. Comparing (5) and (6) yield
1
2(pi(x)−s−1)(µ+ε)
≤ 1
(s− 1)ζ(s)
1
f(x)s−1
. (7)
Solving for pi(x) yields
s− 1
(µ+ ε) log 2
log f(x) + s+ 1 +
log(s− 1)ζ(s)
(µ+ ε) log 2
= c1 log f(x) + c0 ≤ pi(x) (8)
where c0, and c1 = (s− 1)/(µ+ ε) log 2 > 0 are constants. 
Significant improvement of the lower bound pi(x) ≫ log x to pi(x) ≫ x/log x can be achieved by
setting f(x) = 2cx/logx+o(x/logx), for some constant c > 0. In fact, this can be viewed as a near
proof of the Prime Number Theorem by elementary methods. The earlier related analysis appear
almost simultaneously in [4], [5] and [9].
3 For Rational Values ζ(s)/ζ(t)
Theorem 3.1. Let x ≥ 2 be a large number, and let pi(x) = #{p ≤ x : p is prime}. Then
pi(x) ≥ c3 log x+ c2, (9)
where c2 and c3 > 0 are constants.
Proof. Let x≫ 1 be a large number, and let
2
5
=
∏
p≥2
p2 − 1
p2 + 1
and
px
qx
=
∏
p≤x
p2 − 1
p2 + 1
, (10)
where gcd(px, qx) = 1. Then
∣∣∣∣25 −
px
qx
∣∣∣∣ = 25

1− ∏
p>f(x)
(
p2 − 1
p2 + 1
)−1 , (11)
where f(x) = x. By the Euclidean Prime Number Theorem, there are infinitely many primes, so
the product ∏
p>f(x)
(
p2 − 1
p2 + 1
)−1
6= 0. (12)
Applying Lemma 4.1 yields
∣∣∣∣25 −
px
qx
∣∣∣∣ = 25

1− ∏
p>f(x)
(
p2 − 1
p2 + 1
)−1 (13)
≤ c4
f(x)
,
Counting Primes Rationally And Irrationally 3
where c4 > 0 is a constant. Let µ = µ(5/2) = 1 be the irrationality measure of the number 5/2,
see Definition 5.1. Then, applying Lemma 5.2 yields
c5
qµ+εx
≤ 1
2(pi(x)−s−1)(µ+ε)
≤
∣∣∣∣25 −
px
qx
∣∣∣∣ , (14)
where c5 > 0 is a constant. Comparing (13) and (14) yield
1
2(pi(x)−s−1)(µ+ε)
≤ c4
f(x)
. (15)
Solving for pi(x) yields
1
(µ+ ε) log 2
log f(x) + s+ 1− log c4
(1 + ε) log 2
= c3 log f(x) + c2 ≤ pi(x) (16)
where c2, and c3 = 1/(µ+ ε) log 2 > 0 are constants.

4 Elementary Foundation
4.1 Infinite Products
The evaluations of some infinite prime products have rational values. The best known cases are
generated by some ratios of zeta functions, and by some ratios of L-functions. The zeta function
and the L-function are defined by
ζ(s) =
∑
n≥1
1
ns
=
∏
p≥2
(
1− 1
ps
)−1
, (17)
and
L(s, χ) =
∑
n≥1
χ(n)
ns
=
∏
p≥2
(
1− χ(p)
ps
)−1
, (18)
where s ∈ C is a complex variable, and χ is a character modulo q ≥ 1, respectively.
Lemma 4.1. For any integer n ≥ 1, the following primes products are rational numbers.
(i) For any integer n ≥ 1,
ζ(2n)2
ζ(4n)
=
∏
p≥2
(
1− p−2n)−2
(1− p−2n)−1 =
∏
p≥2
(
1 +
2
p2n − 1
)
. (19)
(ii) For any odd integers m,n ≥ 1, and a character χ modulo q,
L(m,χ)n
L(mn,χ)
=
∏
p≥2
(1− χ(p)p−m)−n
(1− χ(p)p−mn)−1 . (20)
Proof. (i) Let B2n be the 2nth Bernoulli number. Then, zeta ratio has a rational value
ζ(2n)2
ζ(4n)
=
(
(−1)n−1(2pi)2nB2n
2(2n)!
)2(
(−1)2n−12(4n)!
(2pi)4nB4n
)
=
(4n)!B22n
2((2n)! )2B4n
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since any Bk is rational. On the other hand, the infinite product has the expression
ζ(2n)2
ζ(4n)
=
∏
p≥2
(
1− p−2n)−2
(1− p−4n)−1
=
∏
p≥2
(
1 +
2
p2n − 1
)
.
as claimed. (ii) The proof of this case has similar calculations but lengthier. 
Example 4.1. A pair of rational primes products.
(1) The simplest case occurs for n = 2. The zeta values are ζ(2) = pi2/6 and ζ(4) = pi4/90.
Thus,
5
2
=
ζ(2)2
ζ(4)
=
∏
p≥2
(
1− p−2)−2
(1− p−4)−1
∏
p≥2
p2 + 1
p2 − 1 . (21)
(2) The simplest case occurs for m = 1, n = 3, and the quadratic character χ modulo q = 4.
The L-function values are L(1, χ) = pi/4 and L(3) = pi3/32. Thus,
1
2
=
L(1, χ)3
L(3, χ)
=
∏
p≥2
(1− χ(p)p)−3
(1− χ(p)p−3)−1 =
∏
p≡1 mod 4
p3 − 1
(p− 1)3
∏
p≡3 mod 4
p3 + 1
(p+ 1)3
. (22)
4.2 Partial Products
Lemma 4.2. Fix a real number s ≥ 1. Let x≫ 1 be a large number. Then,
(i)
1−
∏
p>x
(
1− 1
ps
)−1
≤
∑
n>x
1
ns
=
1
s− 1
1
xs−1
, (23)
(ii)
ζ(s)−
∑
n≤x
1
ns
= O
(
1
xs−1
)
. (24)
Proof. These are standard results, see [10, Theorem 4.11]. 
Lemma 4.3. Fix a real number s ≥ 1. Let x≫ 1 be a large number. Then,
1−
∏
p>x
(
p2s − 1
p2s + 1
)−1
≤
∑
n>x
1
n2s
=
2
2s− 1
1
x2s−1
+O
(
1
xs−1
)
. (25)
Proof. Routine calculations yield
1−
∏
p>x
(
p2s − 1
p2s + 1
)−1
= 1−
∏
p>x
(
1 +
2
p2s − 1
)
(26)
≤
∑
n>x
1
n2s
=
2
2s− 1
1
x2s−1
+O
(
1
x2s−2
)
.

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5 Rational Approximations
The denominator of the Euler approximation (27) has a trivial bound qx ≤ (x! )2. Sharper and
more effective descriptions of the rational approximations generated by some Euler products are
provided here.
Lemma 5.1. Let s ≥ 1 be a fixed integer, and let x≫ 1 be a large number. Then, the product
px
qx
=
∏
p≤x
(
1− 1
ps
)
, (27)
where gcd(px, qx) = 1, satisfies the followings properties.
(i) The integer px ≥ 2pi(x)−s−1 has exponential growth.
(ii) The integer qx ≥ 2pi(x)−s−1 has exponential growth.
Proof. For a large number x≫ 1, consider
Ax =
∏
p≤x
(ps − 1) and Bx =
∏
p≤x
ps. (28)
Here, the integer Ax is divisible by an increasing high power of 2 as x→∞, but the integer Bx is
divisible by a small fixed power of 2:
2pi(x)−1 | Ax and 2s || Bx. (29)
Thus, the even part of the product can be precisely factored as
∏
p≤x
(
ps − 1
ps
)
=
Ax
Bx
=
2pi(x)−1A
2sB
=
2pi(x)−s−1A
B
=
px
qx
, (30)
where A > 1 and B > 1 are integers such that gcd(2, B) = 1, and gcd(px, qx) = 1.
(i) To verify this statement, observe that in (30), the integer B is odd and that these integers are
nearly relatively prime, 1 ≤ gcd(A,B) ≤ A. Hence,
px =
2pi(x)−s−1A
gcd(A,B)
≥ 2pi(x)−s−1. (31)
(ii) To verify this statement, observe that 1/2 ≤ px/qx ≤ 1. Equivalently,
qx
2
≤ px ≤ qx. (32)
Hence,
qx ≥ px ≥ 2pi(x)−s−1. (33)
These complete the verifications of (i) and (ii). 
Lemma 5.2. Let s ≥ 1 be a fixed integer, and let x≫ 1 be a large number. Then, the product
px
qx
=
∏
p≤x
p2 − 1
p2 + 1
, (34)
where gcd(px, qx) = 1, satisfies the followings properties.
(i) The integer px ≥ 2pi(x)−s−1 has exponential growth.
(ii) The integer qx ≥ 2pi(x)−s−1 has exponential growth.
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Proof. For a large number x≫ 1, consider
Ax =
∏
p≤x
(
p2s − 1) = ∏
p≤x
(ps − 1) (ps + 1) and Bx =
∏
p≤x
(
p2s + 1
)
. (35)
Here, the integer Ax is divisible by an increasing double high power of 2 as x→∞, but the integer
Bx is divisible by a high power of 2:
22pi(x)−2 | Ax and 2pi(x)−1 || Bx. (36)
The last expression in (36) follows from p2s + 1 ≡ 2 mod 4 for s ∈ N. Thus, the even part of the
product can be precisely factored as
∏
p≤x
(
(ps − 1) (ps + 1)
p2s + 1
)
=
Ax
Bx
=
22pi(x)−2A
2pi(x)−1B
=
2pi(x)−s−1A
B
=
px
qx
, (37)
where A > 1 and B > 1 are integers such that gcd(2, B) = 1, and gcd(px, qx) = 1.
(i) To verify this statement, observe that in (37), the integer B is odd, (follows from p2s + 1 ≡
2 mod 4), and the these integers are nearly relatively prime, 1 ≤ gcd(A,B) ≤ A. Hence,
px =
2pi(x)−s−1A
gcd(A,B)
≥ 2pi(x)−s−1. (38)
(ii) To verify this statement, observe that 1/4 ≤ px/qx ≤ 1. Equivalently,
qx
4
≤ px ≤ qx. (39)
Hence,
qx ≥ px ≥ 2pi(x)−s−1. (40)
These complete the verifications of (i) and (ii). 
5.1 Irrationality Measures
The irrationality measure µ(α) of a real number α ∈ R is the infimum of the subset of real numbers
µ(α) ≥ 1 for which the Diophantine inequality∣∣∣∣α− pq
∣∣∣∣≪ 1qµ(α) (41)
has finitely many rational solutions p and q.
Definition 5.1. A measure of irrationality µ(α) ≥ 2 of an irrational real number α ∈ R× is a map
ψ : N→ R such that for any p, q ∈ N with q ≥ q0,∣∣∣∣α− pq
∣∣∣∣ ≥ 1ψ(q) . (42)
Furthermore, any measure of irrationality of an irrational real number satisfies ψ(q) ≥ √5qµ(α) ≥√
5q2.
The concept of measures of irrationality of real numbers is discussed in [11, p. 556], [1, Chapter
11], et alii.
Lemma 5.3. ([2, Theorem 2]) The map µ : R −→ [2,∞) ∪ {1} is surjective. Any number in the
set [2,∞) ∪ {1} is the irrationality measure of some number.
More precisely,
(1) A rational number has an irrationality measure of µ(α) = 1, see [3, Theorem 186].
(2) An algebraic irrational number has an irrationality measure of µ(α) = 2, an introduction to
the earlier proofs of Roth Theorem appears in [7, p. 147].
(3) Any irrational number has an irrationality measure of µ(α) ≥ 2.
(4) A Mahler number ψb =
∑
n≥1 b
−[τ ]n in base b ≥ 3 has an irrationality measure of µ(ψb) = τ ,
for any real number τ ≥ 2, see [2, Theorem 2].
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